A higher-order analysis of the evolution of cosmological perturbations in a Friedman universe is given by using the PMF method. The essence of the PMF approach is to choose a gauge where all uctuations of the density, the pressure, and the four-velocity vanish. In that gauge, even in higher orders, the perturbation eld equations simplify considerably; they can be decoupled and -for simple equations of state -also be solved analytically. We give the solution for the dust universe up to third order. Comparison of these solutions strongly supports the conjecture that in general instable perturbations grow much faster than they do according to the rst-order analysis. However, perturbations with very large spatial extension behave di erently; they grow only moderatly. Thus, an upper boundary of the region of instability seems to exist.
I. INTRODUCTION
Due to the non-linearity and complexity of Einstein's eld equations they have been solved analytically so far only for situations which are characterized by a relatively high symmetry and homogenity properties. In the other cases, one has basically two possiblities: either to solve them numerically, or to perform a perturbation analysis and to solve the individual orders analytically. Of course, there are also mixtures of these two possibilities.
If we want to explain the origin of galaxies we have to study the evolution of given small uctuations in a Friedman universe as background, and we have to investigate whether these perturbations are stable or unstable. Moreover, we have to calculate the growth rates of unstable uctuations. A complete numerical analysis is not very useful in this context, because a possible increase does not guarantee that that perturbation does not decrease somewhen later. On the other hand, a complete analytical investigation of the evolution of cosmological perturbations is not possible for reasons of complexity. Hence, we have to perform some perturbation theory. So far, that analysis was restricted -also for reasons of complexity -to the rst order; the linearized eld equations were studied (see e.g. 1], 2], 3], 4], 5]). Only the approach of Ellis et. al. 6] , 7] took into account also the second order. It is obvious, that such a restriction is too severe. Higher orders become signi cant when a perturbation, which is unstable according to the rst-order analysis, is growing. Non-linear e ects appearing thereby could be very important; they could stabilize such a perturbation, or they could change the growth rates of unstable perturbations considerably. It is a main aim of this paper to study what kind of non-linear e ects might appear. To this end we have used a method which we have invented in 5]. This so-called PMF method simpli ed the perturbation eld equations in rst order dramatically (see 5]); hence, it is reasonable to expect that the same happens for higher orders, too. The PMF method is based on the gauge freedom. This is to be understood as follows.
The corresponding equations become quickly very complicated, whereas they maintain their simple basic structure in the PMF approach, which will be explained now.
The essence of the PMF method is to choose a gauge such that all uctuations of matter (i.e., perturbations in density, pressure, and velocity) vanish and only pure metric fluctuations remain. This can be achieved by choosing suitably the space-like hypersurfaces (t= const.) and by choosing appropriate coordinates onto them. In rst order the perturbation eld equations in PMF gauge simplify considerably, they can be decoupled, and -for simple equations of state -also be solved 5]. Note that the PMF gauge does not claim to be "as close to the background as possible". It serves rather for the simpli cation of the eld equations. Subsequently, one can transform the PMF solution into any desired gauge suitable for judging stability/instability. In this paper, the PMF approach shall be employed for a higher-order analysis. It turns out (see section II) that there is a dramatic simpli cation also in higher orders. In the PMF gauge, the perturbation eld equations maintain their simple basic structure which they have in rst order. Therefore, they can be decoupled even in higher orders, and also be solved analytically if the choosen equation of state is simple enough.
All approaches so far gave no hint that an upper boundary of the region of instability exists. The rst-order result has always been that uctuations larger in extension than the Jeans limit 8] are growing eternally (an opposite opinion is supported in 4]; but see 5]). Thus, one major motivation for doing higher-orders analysis was the possible perspective that non-linear e ects could imply the existence of such an upper boundary. Then, uctuations, whose extension is larger than that boundary, would cease to grow or they would grow too slowly with regard to the generation of large-scale structures of the universe. Such an existence would be in agreement with astronomical observations 9], 10], 11], 12], 13]. However, also an opposite point of view is supported by some astronomers (see e.g. 14]). Now we consider a perturbation which has two-dimensional symmetry planes, i. + kg (1) + k 2 g (2) + :::; (4) where k is some dimensionless expansion parameter, is the energy density, p is the pressure, U is the four-velocity and g is the metric. The index 0 refers to the background, the index 1 marks the perturbation quantities in rst order, the index 2 those in second order and so on. We have to insert this ansatz into the eld equations and to order them according to powers of k. Subsequently, we have to solve the eld equations order by order. If the sums in (4) converge, (4) is the exact solution of the eld equations.
The ansatz (4) requires some explanations. First of all, it is not too obvious what is meant by perturbation quantities of orders higher than the rst one. Indeed, one could replace (4) by an alternative ansatz which just contains perturbation quantitities up to rst order. k 1 then simply means the di erence between the total density in the real universe and the density 0 in the ctitious background universe. But contrary to the linear analysis performed in 5] we had, in this case, also to take into account terms proportional to k n 7 0 1 = 1 + _ 0 t (1) ; (6) 
U 0 (1) = U (1) ? _ (1) ; (8) g 0 (1) = g (1) + (1) ; + (1) ; : (9) (cf. Eqs. (2.4), (2.5), (2.7), (2.9) in 5]) Second order:
U 0 (2) = U (2) ? _ (2) + @U (1) @x (1) ? @ (1) @x U (1) ; (12) g 0 (2) = g (2) + (2) ; + (2) ; ? g
According to (6) and (7) as well as (10) and (11) simultaneously to zero by a suitable choice of t (1) and t (2) provided that _ 0 is di erent from zero (which is satis ed in an expanding universe) and provided that the following equation holds for i = 0; 1, and 2 p i = ! i ; (14) where ! is spatially and temporally constant. (14) is certainly satis ed, even for all natural numbers i, if the equation of state p = ! holds (insert the ansatz (4) and decompose p according to powers of k such that this equation is satis ed order by order). Analogeously, U 0 1 (1) and U 0 1 (2) can be transformed away by a suitable choice of 1 (1) and 1 (2) . All other spatial components of U i also vanish due to our symmetry assumption. (Note that U 0 0 (i) is not an independent variable because it is related to g (i) 00 by the norm conservation). We have now 9
After a very lengthy but straightforward calculation we get the eld equations up to third order in the following form where the di erent orders are already entangled from each other: 00-component: 
The source terms S (n? 1) are sums of products whose factors are solutions (or their derivations) of the eld equations of lower orders than n (i.e., maximally of (n?1) th order). We have calculated them for n = 1; 2; 3. We give the full form of the equations (19) in the appendix, but only up to second order since for n = 3 they are horribly long. However, after inserting the solutions for lower orders the source terms simplify quite a lot and can be handled e.g.
in the case of the dust universe (see next section) quite easily. Second Order:
The decoupling of (19) in second order is performed in the same way as in rst order. The second order equations are also analytically relatively easy to solve, because the source terms S (1) are -after inserting the rst order dust solutions (21), (22) The new parameters ( or integration constants) C i arise when we solve the homogeneous part of the di erential equation system (19). Terms, which contain the already known A i ,B i , or F i , are generated as special inhomogeneous solutions of (19) by the source terms S (2) . Note that in third order the wave number has tripled compared with the rst order; additionally, terms proportional to sin(qx) or cos(qx) arise.
The following, general structure of the PMF solution for the dust universe now becomes visible: i t] are sums of powers of t; trig is either sin or cos ( according to the order and the component in question), and Int is the integer function. Thus, in n th order we get the wave numbers nq, (n-2)q, (n-4)q,...; this sequence is ending with q or 0q. Hence, a harmonic (i.e., proportional to sin or cos) uctuation is, in higher orders, necessarily accompanied by corrections of equal and lesser extension. It must be mentioned that (34) still has to be proved for general n. Comparison of the functions f (n) i t] for n = 1,2,3 with each other shows regularities which we are going to discuss now by means of the following case study.
To that end we set the free parameters of orders higher than the rst one equal to zero; hence, the only remaining non-vanishing parameters are those given by the rst order, na- . This holds as well for the terms proportional to cos(3q x) as for those proportional to cos(q x). Thus, we can expect the following terms in fourth order: proportional to 1=q =q n?1 . This means that such uctuations are growing faster provided that we are far beyond the Jeans limit (this lower boundary of the instability region is in the case of the dust universe simply q = 1). Let us stress that while in rst order small extended uctuations grow as fast as large extented ones (namely, proportional to A 1 t 5 3 ), a higher-order analysis shows that they have di erent growth rates. The reason is that order by order terms with constantly increasing time exponents are appearing; but these "growth terms" are dominated in the case of perturbations with large extension by others which are growing only moderately. It is true that this dominance is dissappearing when t becomes su ciently big enough but this
IV. CONCLUSIONS AND PERSPECTIVES
Let us now summarize the main results of our higher-order analysis. First of all higher order ("non-linear") e ects cause, in principle, perturbations to grow much faster than they grow according to the rst-order analysis. The reason for that behaviour is that higher order contributions contain "growth terms", and it seems that they all have the same sign (i.e., they are all acting along the same direction). However, for very large perturbations those growth terms are dominated within each order by others which grow only moderately. Thus, we get the following picture: uctuations with large extension (beyond super-clusters of galaxies?) grow only moderately (more or less with a similar small rate they grow according to the rst-order analysis) but the other perturbations grow much faster provided their extension is beyond the Jeans limit. It must be mentioned that this interesting result has to be taken for the moment just as a conjecture which is supported by some tendencies observed from the results in PMF gauge in rst, second, and third order. We still have to work out the solution in n th order. Moreover, our equation of state used here (dust universe)
is not too realistic with regard to the formation of galaxies. And, nally, in order to be in the position for judging stability/instability of a given perturbation we should transform our PMF solution into some appropriate gauge. Then, we can infer from the density contrast within this gauge whether that perturbation is stable or not. However, since in the PMF gauge instabilities show up in the metric components alone rather than in the density contrast, one can expect that in an appropriate gauge we will observe a similar behaviour for the density contrast like that which the metric components show in the PMF gauge. If, after performing all these improvements and transformations, the observed tendencies survive at least in principle, we have found a possible explanation for the breaking o of the hierachie clusters of stars -galaxies -clusters of galaxies -super-clusters] at super-clusters or at super-super-clusters 9], 10], 11], 12], 13]. In this case, general relativity would imply an upper boundary of the instability region. 21 tric. The transition to these uctuations should not be any problem because the starting metric (in spherical coordinates) is not much more complicated than (1). Our PMF methods should, hence, be applicable also in this case.
The PMF method can be used also on a larger scale. If our conjecture about the solution in an arbitrary order turns out to be true, we can generate by means of the PMF method exact solutions (presentated as in nite power series in t) of Einstein's eld equations. Then, it is not necessary to assume that the uctuations are small compared to the corresponding background quantities; however, if we drop that assumption, all orders are equally important. An investigation about the structure of these solutions and their classi cation could give useful information about classical General Relativity.
A further application is obvious. If we give up our separation ansatz g
we can investigate also gravitational waves propagating in a Friedman-Robertson-Walker universe, i.e., propagation through matter! It should be possible to obtain solutions (with the help of the PMF method) even without such an separation ansatz, because our system of di erential equations (19) can be decoupled independently from that ansatz (see e.g. 5],(3.17-3.22)).
Finally, we want to emphasize that the main aim of this paper is not to supply a theory of galaxy formation, which is as realistic as possible. These investigations should rather be understood as a rst step towards such a theory satisfying astrophysicists. First of all, we are interested in the development of a method which is powerful enough for solving the eld equations also in the case of space-times, which are less homogeneous than, e.g., the Friedman universe. We wanted to understand what kind of principle problems arise, and how they can be handled. Additionally, we were interested in what kind of new e ects caused by higher orders appear. The most essential new non-linear e ect is that perturbations grow much faster than they do according to a rst-order analysis, but those perturbations with 23 APPENDIX A Here we give the full perturbation eld equations up to second order for the relevant components:
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